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Abstract—The goal of this paper is to study the electrostatic
field due to an arbitrary charge distribution on a dielectric
layer in a dielectric-loaded rectangular waveguide. In order
to obtain this electrostatic field, the potential due to a point
charge on the dielectric layer is solved in advance. The high
computational complexity of this problem requires the use of
different numerical integration techniques (e.g. Filon, Gauss-
Kronrod, Lobatto, ...) and interpolation methods. Using the
principle of superposition, the potential due to an arbitrary
charge distribution on a dielectric layer is obtained by adding
the individual contribution of each point charge. Finally, a
numerical differentiation of the potential is carried out to obtain
the electrostatic field in the waveguide. The results of this
electrostatic problem are going to be extended to model the
multipactor effect, which is a problem of great interest in the
space industry.
I. INTRODUCTION
The calculation of the electrostatic field, Edc, in a
dielectric-loaded waveguide due to an arbitrary charge dis-
tribution on the dielectric layer is a problem of great interest
in the space industry, because of the lack of rigorous studies
about the multipactor effect appearing in dielectric loaded
waveguide-based microwave devices in satellite on-board
equipment. When dealing with a partially dielectric-loaded
rectangular waveguide, the electrons emitted by the dielectric
surface charge the dielectric material positively, whereas the
electrons absorbed by the dielectric layer charge it negatively.
This charge gives rise to an electrostatic field which has to be
taken into account in order to obtain an accurate trajectory of
the electrons in the structure.
Lots of works have studied the electrostatic field appearing
on RF dielectric windows [1]–[8], but not so many works have
studied the electrostatic field appearing during a multipactor
discharge in dielectric loaded waveguides [9]–[11].
Although the problem of obtaining the electrostatic field
originated by an arbitrary electron charge distribution has been
solved in many electromagnetism books [12]–[14], this is the
first time that the problem under consideration in this work is
rigorously solved, to the best of the authors’ knowledge.
The paper is organized as follows: Section II describes
the theory and fundamental principles underlying the problem
under investigation. In Section III, the results obtained for the
solution of the electrostatic problem, including three different
charge distributions on the dielectric layer are shown. A few
concluding remarks are made in Section IV.
II. THEORY
In Fig.1 it is shown the transverse section of the waveg-
uide under study, consisting on a partially dielectric-loaded
rectangular waveguide, whose dielectric layer has relative
permittivity r and thickness h. The aim is to compute the
Fig. 1. Geometry and dimensions of the problem under investigation.
electric field at the observation point ~r = (x, y, z), which is
assumed to be located in the air region of a waveguide with
translational symmetry along the longitudinal direction z, due
to a point charge on the dielectric layer at ~r′ = (x′, 0, 0).
In order to determine the electric field ~E(x, y, z) =
−∇φ(x, y, z), first the potential due to the point charge is
calculated according to Laplace’s equation for the electrostatic
Green’s function [15],
∇ · r(~r)∇G(~r) = − 1
0
δ(x− x′)δ(y)δ(z) (1)
The geometric characteristics and the linear nature of the
problem makes that the Dirac delta functions can be expressed
as,
δ(x− x′) = 2
a
∞∑
n=1
sin(kxnx) sin(kxnx
′) (2)
δ(z) =
1
2pi
∫ ∞
−∞
e−jkzzdkz (3)
where kxn = npia . The above expressions come from the
fact that the eigenfunctions of the differential operator are
sinusoidal functions along x-axis and complex exponential
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functions along z-axis, respectively. This is equivalent to
apply the discrete sine transform (DST) along x-axis and the
integral transform along z-axis,
G =
1
pia
∫ ∞
−∞
dkze
−jkzz
∞∑
n=1
sin(kxnx) sin(kxnx
′)G˜ (4)
G˜ =
∫ ∞
−∞
dzejkzz
∞∑
n=1
sin(kxnx) sin(kxnx
′)G (5)
where G = G(x, x′, y, z) and G˜ = G˜(kxn, kz; y).
According to the above considerations, Eq.(1) can be ex-
pressed as, {
∂
∂y
r(y)
∂
∂y
− k2t
}
G˜ = −δ(y)
0
(6a)
G˜(y = −h) = 0 (6b)
G˜(y = H) = 0 (6c)
where k2t = k
2
xn + k
2
z . Solving Eq.(6), the following spectral
Green’s function, G˜, is obtained in the air region y ≥ 0,
G˜ =
sinh[kt(H − y)]
0kt[r coth(kth) + coth(ktH)] sinh(ktH)
(7)
and the Green’s function, G, is achieved by replacing Eq.(7)
into Eq.(4).
G =
2
0pia
∞∑
n=1
sin(kxnx) sin(kxnx
′)
×
∫ ∞
0
sinh[kt(H − y)] cos(kzz)
kt[r coth(kth) + coth(ktH)] sinh(ktH)
dkz
(8)
The high computational complexity of Eq.(8) requires the
use of different numerical integration techniques (e.g., Filon,
Gauss-Kronrod, Lobatto, ...). Because of the rapid oscillation
of the integrand for large values of z Filon’s integration
method is chosen since it is desirable for integrals [16],∫ a
b
f(x) cos(kx)dx (9)
Using superposition, the potential due to an arbitrary charge
distribution on a dielectric layer is obtained by adding the
individual contribution of each point charge.
φ(x, y, z) =
∫
G(x− x′, y, z)ρ(x′)dx′ (10)
Finally, a numerical differentiation of the potential is carried
out to obtain the electrostatic field in the waveguide.
III. NUMERICAL RESULTS AND DISCUSSION
This section shows the results obtained for a dielectric-
loaded rectangular waveguide in Fig.1. An algorithm based
on the expressions given in Section II has been programmed
using Matlab to provide the results outlined next.
First, in order to validate Eq.(8), the potential in the air re-
gion due to a point charge between two infinite homogeneous
mediums (r1 = 1 and r2) is used as a benchmark,
φ =
1
4pi0
1+r2
2
√
(x− a2 )2 + y2 + z2
(11)
The results of Eq.(8) should approach Eq.(11) if the di-
mensions a, h and H are chosen so that the point charge
and the observation point are far enough from the walls of
the waveguide. In this case, the following parameters are
considered: a = 600 mm, H = 250 mm, h = 250 mm,
x = 305 mm, y values from 5 mm to 245 mm with 1 mm
widthstep, z = 5 mm, x′ = 300 mm and r = 2.25. As
shown in Fig.2, the results of Eq.(8) and Eq.(11) agree as
long as the observation point is far enough away from the top
wall, i.e. y = 25 mm approximately. However, beyond this y
value, as the observation point approaches the top wall, the
approximation is no longer valid and discrepancies appear.
Fig. 2. Comparison of the potential in the air region due to a point charge
between two infinite homogeneous mediums (dashed line) vs Green’s function
of the problem under study (black line).
As discussed in the previous section, the high computa-
tional complexity of this problem requires a detailed analysis
of the parts forming the solution. In particular, it is useful to
understand the spectral Green’s function, Eq.(7), with respect
to the integration variable kz . In this case, the following
parameters are considered: a = 20 mm, H = 5 mm, h = 5
mm, z = 3 mm, n = 1 and r = 2.25. In terms of the rate
of convergence, the worst scenarios are for the cases of low
y values and high n values. In Fig.3,
∣∣∣0G˜∣∣∣ for the case of
y = 0.1 mm and n = 1 is plotted. As it is shown, kz ≥ 2×104
has to be considered to reach convergence.
∣∣∣0G˜∣∣∣ for the case
of y = 0.1 mm, and n = 500 is plotted in Fig.4. In this
case, kz ≥ 8×104 is needed. The asymptotic behavior of the
integrand, determined by the term e−kty , allows us to establish
a condition to stop the computation when the convergence is
reached. It involves calculating the relative value of the i-
th summand of the integral with respect to the accumulated
value of the integral until this iteration. If this relative value is
less than a particular convergence tolerance, the computation
of the integral is stopped. On the other hand, regarding the
convergence of the series in Eq.(8), it depends on the product
of two sinusoidal functions and no asymptotic behavior can
be observed in this case. For this reason, in order to ensure
that the convergence is reached, the series is decomposed into
a sum of partial series of ten terms each of them. The relative
value of the i-th partial series with respect to the accumulated
value provides the stop condition.
Once the solution of the electrostatic problem, Eq.(8), has
Fig. 3.
∣∣∣0G˜∣∣∣ for the case a = 20 mm, H = 5 mm, h = 5 mm, y = 0.1
mm, z = 3 mm, n = 1 and r = 2.25.
Fig. 4.
∣∣∣0G˜∣∣∣ for the case a = 20 mm, H = 5 mm, h = 5 mm, y = 0.1
mm, z = 3 mm, n = 500 and r = 2.25.
been validated and a convergence study has been carried
out, the next step is to consider a problem with real di-
mensions. For this particular case, the parameters chosen
are: a = 19.1 mm, H = 10.135 mm, h = 0.025 mm
and r = 2.1. The origin has been located in the cen-
ter of the waveguide. A total of eleven equidistant point
charges has been considered in the calculation. The elec-
trostatic field in a z-plane constant containing the point
charges, z = 0, due to an uniform charge distribution [qi =
(1, 1, 1, 1, 1, 1, 1, 1, 1, 1, 1) ·e], a triangular charge distribution
[qi = (1, 2, 3, 4, 5, 6, 5, 4, 3, 2, 1) · e] and a gaussian charge
distribution [qi = (0, 0, 0, 0.2, 0.8, 1, 0.8, 0.2, 0, 0, 0) · e] on
the dielectric layer are shown in Fig.5, Fig.6 and Fig.7
respectively, where e is the electron charge. As the observation
points approach the dielectric layer where the point charges
are located, the electrostatic field intensity becomes higher.
Furthermore, as expected, a symmetrical behavior with respect
to the central x-axis, xa = 0, is observed in all cases.
IV. CONCLUSION
In this work, a method for calculating the electrostatic field
in a dielectric-loaded waveguide due to an arbitrary charge
distribution on the dielectric layer has been shown. The high
computational complexity of this problem requires the use of
different mathematical techniques to minimize computation
time. For this purpose, it is recommendable to carry out a
convergence study of the problem under study. There may be
critical points, e.g. close to the walls or the dielectric layer, in
the structure in which the solution does not converge properly.
In these cases, it is proposed to calculate the solution at points
close to them and apply extrapolation techniques.
The results of this electrostatic problem are going to be
extended to model the multipactor effect, which is a problem
of great interest in the space industry.
Fig. 5. Electrostatic field due to an uniform charge distribution in a dielectric-
loaded WG90.
Fig. 6. Electrostatic field due to a triangular charge distribution in a dielectric-
loaded WG90.
Fig. 7. Electrostatic field due to a gaussian charge distribution in a dielectric-
loaded WG90.
ACKNOWLEDGMENT
This work was supported by the Ministerio de Economı´a
y Competitividad, Spanish Government, under the coordi-
nated project TEC2013-47037-C5-4-R, TEC2013-47037-C5-
1-R and TEC2013-41913-P.
REFERENCES
[1] L. K. Ang, Y. Y. Lau, R. A. Kishek, and M. Gilgenbach, “Power
deposited on a dielectric by multipactor,” IEEE Trans. Plasma Sci.,
Vol. 26, No. 3, 290–295, Jun 1998.
[2] A. Neuber, D. Hemmert, H. Krompholz, L. Hatfield, and M. Kristiansen,
“Initiation of high power microwave dielectric interface breakdown,” J.
Appl. Phys., Vol. 86, No. 3, 1724–1728, Aug 1999.
[3] R. A. Kishek and Y. Y. Lau, “Multipactor discharge on a dielectric,”
Phys. Rev. Lett., Vol. 80, No. 1, 193–196, Jan 1998.
[4] A. Valfells, L. K. Ang, Y. Y. Lau, and R. M. Gilgenbach, “Effects of
an external magnetic field, and of oblique radio-frequency electric fields
on multipactor discharge on a dielectric,” Phys. Plasmas, Vol. 7, No. 2,
750–757, Feb 2000.
[5] A. Valfells, J. P. Verboncoeur, and Y. Y. Lau, “Space-charge effects on
multipactor on a dielectric,” IEEE Trans. Plasma Sci., Vol. 28, No. 3,
529–536, Jun 2000.
[6] P. Yla-Oijala and M. Ukkola, “Suppressing electron multipacting in
ceramic windows by DC bias,” Nucl. Instrum. Methods Phys. Res. A,
Accel. Spectrom. Detect. Assoc. Equip., Vol. 474, No. 3, 197–208, Dec
2001.
[7] R. B. Anderson, W. D. Getty, M. L. Brake, Y. Y. Lau, and R. M.
Gilgenbach, “Multipactor experiment on a dielectric surface,” Rev. Sci.
Instrum., Vol. 72, No. 7, 3095–3099, Jul 2001.
[8] S. Michizono and Y. Saito, “Surface discharge and surface potential on
alumina RF windows,” Vacuum, Vol. 60, No. 1/2, 235–239, Jan 2001.
[9] G. Torregrosa, A. Coves, C. P. Vicente, A. M. Prez, B. Gimeno, and
V. E. Boria, “Time evolution of an electron discharge in a parallel-plate
dielectric-loaded waveguide,” IEEE Electron Device Lett., Vol. 27, No. 7,
629–631, Jul 2006.
[10] A. Coves, G. Torregrosa-Penalva, C. P. Vicente, A. M. Prez, B. Gimeno,
and V. E. Boria, “Multipactor discharges in parallel-plate dielectric-
loaded waveguides including space-charge effects,” IEEE Trans. Electron
Devices, Vol. 55, No. 9, 2505–2511, Sep 2008.
[11] G. Torregrosa, A. Coves, B. Gimeno, I. Montero, C. Vicente, and V.
E. Boria, “Multipactor susceptibility charts of a parallel-plate dielectric-
loaded waveguide,” IEEE Trans. Electron Devices, Vol. 57, No. 5, 1160–
1166, May 2010.
[12] David J. Griffiths, “Introduction to Electrodynamics,” 3rd Ed., Pearson,
2008.
[13] John D. Jackson, “Classical Electrodynamics,” 3rd Ed., John Wiley and
Sons, 1999.
[14] Jean Van Bladel, “Electromagnetic Field,” 2nd Ed., IEEE Press, 2007.
[15] Robert E. Collin, “Field Theory of Guided Waves,” 2nd Ed., IEEE
Press, 1990.
[16] F. B. Hildebrand, “Introduction to Numerical Analysis,” 2nd Ed.,
McGraw-Hill, New York, NY, USA, 1974.
